The heat transport in rotating Rayleigh-Bénard convection is considered in the limit of rapid rotation (small Ekman number E) and strong thermal forcing (large Rayleigh number Ra). The analysis proceeds from a set of asymptotically reduced equations appropriate for rotationally constrained dynamics; the conjectured range of validity for these equations is Ra E −8/5 . A rigorous bound on heat transport of N u ≤ 20.56Ra 3 E 4 is derived in the limit of infinite Prandtl number using the background method. We demonstrate that the exponent in this bound cannot be improved on using a piece-wise monotonic background temperature profile like the one used here. This is true for finite Prandtl numbers as well, i.e. N u Ra 3 is the best upper bound for this particular setup of the background method. The feature that obstructs the availability of a better bound in this case is the appearance of small-scale thermal plumes emanating from (or entering) the thermal boundary layer.
I. INTRODUCTION
The Rayleigh-Bénard convection problem is a classical problem in fluid dynamics; it consists of a layer of Boussinesq fluid between cold top and hot bottom boundaries held at constant temperature. The present investigation addresses the rotating Rayleigh-Bénard problem, where the system rotates about an axis aligned with gravity. In this situation the dynamics are described by three nondimensional numbers: the Rayleigh, Ekman, and Prandtl numbers
The kinematic viscosity is ν, κ is the thermal diffusivity, g is the rate of gravitational acceleration, H is the distance between the top and bottom boundaries, Ω is the system rotation rate, α T is the thermal expansion coefficient, and ∆T is the magnitude of the temperature difference between the boundaries. The Taylor number T a = E −2 is sometimes used in place of the Ekman number.
In the limit of rapid rotation (small Ekman number) the dynamics are governed by a set of nondimensional asymptotically reduced equations first derived in Ref. 1 .
The Rayleigh number has been rescaled, Ra = RaE 4/3 , consistent with the fact that the system becomes linearly stable 2,3 at small Ekman numbers for Ra E −4/3 . Boundary conditions at z = 0 and 1 are w = θ = ∂ z ψ = 0, and T (0) = 1, T (1) = 0. The vertical velocity is w; the horizontal velocity is in geostrophic balance with the pressure ψ, which acts as a streamfunction (u = −∂ y ψ and v = ∂ x ψ). Advection is purely horizontal, and is written using the Jacobian operator J[ψ, ·] = u ·∇(·). The vertical component of vorticity is ζ, which is related to the streamfunction by ∇ 2 h ψ = ζ. The horizontal coordinates are rescaled to be smaller than the vertical scale (the depth) by a factor of E 1/3 . a) Electronic mail: grooms@cims.nyu.edu
The temperature is split into a horizontal mean T and a deviation θ, the latter being smaller by a factor of E 1/3 . The variables w, ψ, and ζ all have zero horizontal mean. In the original derivation 1 the mean temperature T evolves on a slower time scale than the other variables; for convenience in this derivation, the time evolution in equation (1.d) uses the same time variable as in equations (1.a-c). The overbar (·) denotes an average over the horizontal coordinates.
Reduced equations for infinite Prandtl number may be derived 4 from (1.a-d) by rescaling time such that ∂ t → σ −1 ∂ t , rescaling the velocities ψ → σ −1 ψ, w → σ −1 w and then taking σ → ∞. The result is
The same result is reached by first taking the infinite Prandtl number limit of the Boussinesq equations and then taking the small Ekman limit following Ref. suggest that they are actually valid only up to a cutoff of
The efficiency of convection is measured by the Nusselt number N u, which is the ratio of the total heat transport to the transport that would be affected by conduction alone. The relationship between the Rayleigh and Nusselt numbers for strong thermal forcing is of perennial interest, and numerical simulations and dimensional scaling arguments lend insight into the relationship 4, 5, 8, 9 . These approaches are complemented by upper bound theory, which derives rigorous upper bounds on the Nusselt number from the governing equations, and can sometimes serve to rule out proposed phenomenological scaling relationships 10 . The first rigorous upper bound for the heat transport in Rayleigh-Bénard convection was derived by Howard 11 , and further extended and analyzed by Busse 12 . A complementary approach for deriving rigorous upper bounds was developed more recently by Doering and Constantin 13 ; the relationship between the approaches is explored in Refs. [13] [14] [15] . Both methods make use of energy integrals, and as a result are unable to take into account the effects of rotation, which does not affect the total energy of the system. An exception is the case of convection at infinite Prandtl number, where the momentum equations reduce to a linear diagnostic 'slaving' relationship whereby the velocity and pressure are determined by the temperature; at infinite Prandtl number rotational effects appear in the slaving relation, which can be used to derive rotation-aware bounds [16] [17] [18] [19] [20] . The present investigation uses the 'background' method of Doering and Constantin 13 in the context of the reduced equations (1.a-d) and (2.a-d) to derive a rigorous upper bound on the heat transport in rapidly rotating convection. Section II presents the fundamentals of the background method for the reduced equations. Section III derives a rigorous upper bound of N u ≤ 20.56 Ra 3 at infinite Prandtl number. We then demonstrate in section IV that the exponent of 3 in this bound is optimal for the piece-wise linear background temperature profile used here. This latter proof is of physical interest because it finds a particular flow configuration that prevents the derivation of a smaller upper bound: small-scale thermal plumes being ejected from the thermal boundary layers. The optimality condition extends to the case of finite Prandtl number: although we do not derive an upper bound at finite Prandtl number we demonstrate that a bound better than N u ≤ C Ra 3 cannot be achieved using the standard background field (i.e. the exponent of 3 cannot be reduced). The results are summarized and discussed in section V.
II. PRELIMINARIES
The variational techniques in upper bound theory require the long-time average of time derivatives to be zero. Lacking any previously published regularity results for these equations we take this as an assumption, along with the assumption that the Nusselt number
is well defined. Thorough consideration of the regularity of solutions to equations (1.a-d) and (2.a-d), an open problem, is beyond the scope of this work. The background method relies on the use of a specified 'background' that consists of a steady solution of the inviscid equations 13 ; following the usual practice we use a background that consists of a temperature profile τ (z) that satisfies the boundary conditions on temperature τ (1) = 0, and τ (0) = 1. The horizontal mean temperature is thus T = Θ + τ , and (2.c) and (2.d) become
where the ′ refers to the derivative with respect to z on τ . Multiplying (4) and (5) by θ and Θ respectively, and averaging over the volume and time leads to the identities − wθ∂ z Θ = − |∇ h θ| − τ ′ wθ , and (6)
The bracket notation used here refers to an average over volume and long time. Adding these leads to
The so-called second power integral for the dynamics, which can be straightforwardly derived from (2.c-d) and (3), relates the Nusselt number to the mean rate of thermal dissipation; it is given by
Using the background decomposition of T this becomes
which together with (8) implies
The first power integral for the dynamics relates the Nusselt number to the mean rate of viscous dissipation. The long-time average of equation (2.d), integrated twice in z using the boundary conditions on T and the definition of the Nusselt number (3) yields the relation
Multiplying (2.a) and (2.b) by w and ψ respectively and averaging over the volume and time gives the kinetic energy balance:
Together these imply the first power integral
Taking a linear combination of (10) and (11) yields
where b ∈ [0, 1) is the 'balance parameter' and
If b and τ are chosen so as to guarantee that the quadratic form Q is positive semi-definite for all configurations of w, θ, and ψ consistent with the slaving relations (2.a) and (2.b) then (12) implies the bound
The same steps in the derivation of (12) may be applied to the finite-Prandtl number equations (1.a-d), which leads to the following Prandtl-number dependent quadratic form
Note that this is equivalent to the quadratic form at infinite Prandtl number after the rescaling w → σ −1 w, ζ → σ −1 ζ. In the following we use the piece-wise linear, monotonic background temperature profile, given by
An example of this profile with δ = 0.2 is shown in Figure 1a .
Following Refs. 18, 21, and 22 we consider the horizontal Fourier transform of the momentum equations (2.a) and (2.b)
where k = |k| is the modulus of the horizontal wavenumber. These imply the following slaving relation between the Fourier coefficients of temperature and vertical velocity
The value of the quadratic form Q can be related to the horizontal Fourier coefficients of w, θ, and ψ by Plancherel:
where, for the infinite Prandtl number model,
In the above · denotes the standard L 2 norm in the vertical direction, and R{·} denotes the real part of a complex number. Clearly, if Q k is positive semi-definite for all k, then Q will also be positive semi-definite.
In section III we choose δ as a function of Ra such that the term k 2 θ 2 dominates the boundary layer integrals (the last terms in (18)), making the form positive semi-definite. The terms involving the balance parameter b do not play a part in the bound, but are considered here to show that the balance parameter will not improve the bound. This is significant as it also implies that a piece-wise linear, non-monotonic background temperature profile will not improve the bound either (see Ref. 23) .
III. UPPER BOUND AT INFINITE PRANDTL NUMBER
In this section we derive an upper bound using the Green's function representation ofŵ in terms ofθ, similar to Ref. 21 . This leads to a complicated bound on the boundary layer integrals that displays non-uniform behavior in k. We then develop simplified bounds valid for large and small k, and show that together they guarantee definiteness of Q k for all k.
A. A Preliminary Estimate
The Green's function solution to equation (17) is given bŷ
where
With this representation, the Cauchy-Schwartz inequality implies the following bound on vertical velocity
Inserting into the heat flux and using Cauchy-Schwartz again gives
To bound N (k, δ) uniformly we first consider the asymptotic limit of large k.
B. A Bound for Large k
We prove here that the quadratic form Q k is positive semi-definite for k 3 δ ≥ γ where γ =arcsinh(1) ≈ 0.88. Dropping negative terms from (27) and using
Since we are dealing with δ < 1/2 and k 3 δ ≥ γ we have the useful inequalities for k 3 ≥ 2γ
, and sinh 2k
These further imply that
+ 4k 3 δ coth(2γ) + csch 2 (2γ) , and (30)
Since we have a similar estimate near z = 1, the quadratic form is positive semi-definite for k such that k 3 δ ≥ γ if
Note, in particular, that if δ ∼ Ra the bound holds for k Ra.
C. A Bound for Small k
To demonstrate Q k is positive definite for small k, we develop a new bound on |ŵ| starting from equation (21) . First, note that for k 3 δ ≤ γ =arcsinh(1) and 0 ≤ s ≤ δ we have sinh
which lead to the following bound on |ŵ|
Elementary considerations further imply that for 0
As before this estimate of |ŵ| leads to a bound on the boundary layer heat flux of the form
We now develop a bound for
The following elementary inequalities for k 3 δ ≤ γ and 0 < δ ≤ 1/2 cosh δk
The quadratic form Q k is positive-definite provided that
In particular, note that if δ ∼ Ra −3 then the form is positive-definite for k Ra.
D. Matching Bounds at Large and Small k
The foregoing analysis bounds the heat flux integrals in the quadratic form Q k for k 3 δ ≥ γ and separately for k 3 δ ≤ γ. These bounds on the convective heat flux in the thermal boundary layers lead to the conditions (32) and (45) that guarantee positive-definiteness of Q k . Although the bounds on the heat flux integrals are valid for all k regardless of δ, the range of k over which the form is positive-definite depends on the choice of δ. In this section we choose δ such that the form is positive-definite for all Ra and for all k. In particular, we set δ = c Ra 
To cover the full range of k 3 δ ≥ γ we must have
i.e.
For small k equation (45) implies that the form is positive-definite provided that To cover the full range of k 3 δ ≤ γ we must have
Since we have not made use of the balance parameter b, the least upper bound on N u is given by setting b = 0. Using the stricter condition above,
IV. OPTIMALITY
Although the analysis in the foregoing section provides an upper bound on N u, it is not immediately clear if a more careful analysis might lead to a better bound. In this section we demonstrate that it will not be possible to achieve a bound N u ≤ C Ra α with α < 3 using the standard background temperature profile τ specified by equation (16) . The approach is straightforward: we construct fieldsθ andŵ consistent with the slaving principle (17) such that the quadratic form Q k is negative for δ ∼ Ra . We then show that the result extends to finite Prandtl number, i.e. the test functions also cause the quadratic form to be negative at finite Prandtl number.
Consider the flow configuration given bŷ
The vertical velocity structure for this configuration is given by the slaving principle (17) , which can be integrated analytically to giveŵ
An example of this flow configuration for δ = 1/1000, k = 10, and Ra = 100 is shown in Figure 1b . The following analysis would result in similar conclusions for a configuration that is symmetric about z = 1/2. A symmetric configuration similar to (53) is suggested by the structure of θ 2 that is observed in simulations 4, 5 ; an antisymmetric profile is chosen for simplicity.
The heat flux integral generated by this configuration is
We seek an example where the quadratic form Q k given by equation (18) is negative; guided by the foregoing analysis in section III we consider small scales k ∼ Ra. The analysis shows that the flow configuration given by equations (53) and (54) leads to a negative quadratic form for large Ra when δ = c Ra . Let δ = c Ra −3 and k = K Ra; then the heat flux integral (55) becomes
The principle part, in the limit Ra → ∞ is
The thermal dissipation term in Q k is simply
), so they can be ignored -they will not affect the sign of the form in the limit of large Ra. The form Q k thus approaches a negative value in the limit Ra → ∞ if there are K and c such that
It proves simpler to consider ξ = cK 3 and K, instead of c and K, which results in the following inequality
The right hand side is positive for ξ > 0 and achieves a maximum of approximately 0.35 at ξ ≈ 1.224. A numerical search indicates that the smallest possible c that allows Q k to be negative is approximately 22.5, and corresponds to K ≈ 0.317. This indicates that it will not be possible to achieve an upper bound better than about 0.0222 Ra 3 using a piece-wise linear, monotonic profile at infinite Prandtl number.
At finite Prandtl number, equation (15) implies that the quadratic form is
To derive an upper bound on the Nusselt number at finite Prandtl number this form needs to be positive definite for all possible configurations of w, θ, and ψ. The flow configuration given by (53) and (54) can be extended to the finite Prandtl number case by rescaling w → σ −1 w, and (for simplicity) by taking ψ = 0. Thus, using the background τ specified by equation (16) it is not possible to derive a bound of N u ≤ C Ra α with an exponent α < 3 at any Prandtl number.
V. DISCUSSION AND CONCLUSIONS
We have applied the background method 13 to derive an upper bound on the heat transport in rapidly rotating Rayleigh-Bénard convection at infinite Prandtl number. The analysis proceeds from the reduced equations of refs. 1 and 4, and the main conclusions are that (i) at infinite Prandtl number the Nusselt number is bounded by N u ≤ 20.56Ra 3 E 4 , and (ii) it is not possible to derive an upper bound of the form N u ≤ C(RaE 4/3 ) α with α < 3 at any Prandtl number when using the background method with the piece-wise linear, monotonic background temperature profile given by equation (16) . The regime of validity of this estimate depends on the regime of validity of the reduced equations; they have been conjectured to be valid for Ra E −8/5 or Ra E −3/2 (Refs. 6 and 7, respectively). Chan 16 also obtained a bound of the form N u Ra 3 E 4 in rapidly rotating convection at infinite Prandtl number using an asymptotic analysis of the Howard-Busse variational method.
Previous analyses of the unreduced Boussinesq equations at infinite Prandtl number using a variation of the background method have produced the bounds N u ≤ cRa 2/5 independent of E (Ref. 4 . There are two dominant competing phenomenological predictions of the scaling of the Nusselt number with the Rayleigh number in the rapidly rotating regime. Refs. 8 and 9 argue following Malkus 24 that the efficiency of heat flux through the thermal boundary layer controls the net heat flux, and that the thermal boundary layer should remain marginally stable, leading to the prediction N u ∼ Ra 3 E 4 . In contrast, Refs. 5 and 6 argue that the fluid interior, away from the boundaries, controls the net heat flux, leading to the alternative scaling law N u ∼ Ra 3/2 E 2 , which is also consistent with a so-called 'ultimate' regime scaling law that is independent of the viscosity. Our upper bound is consistent with both of these scaling laws. Although we show in section IV that there are flow configurations that prevent us from deriving a bound with an exponent smaller than 3, this does not directly support the conjectured behavior of the system for at least two reasons. First, it may still be possible to derive a smaller upper bound using a different background τ ; second, the flow configurations in section IV likely do not appear in the natural evolution of the dynamics. Indeed, mean temperature T in simulations 4,5 is significantly different from the τ (equation 16) used here.
